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Abstract

The calculation of volatility plays an important role in many applications such as derivatives
pricing, portfolio optimization, risk-based value modelling and risk management. This study aims
investigate and compare the efficacy of different forecasting methods for financial market realized
volatility, specifically focusing on the SPX and DAX Index for identified range of time. The
methodological design incorporated both machine learning techniques, such as Support Vector
Machines (SVM), Neural Networks, and Long Short-Term Memory (LSTM) networks, as well as
traditional econometric models like GARCH. Procedures followed a structured evaluation process,
which involved training the models on a designated dataset, followed by validation and testing
phases to measure their forecasting accuracy. Based on the findings, any machine learning
techniques offer a more efficacious approach for forecasting volatility in the financial markets,
compared to the traditional volatility models such as ARCH&GARCH models.

Key words: stock market volatility, volatility modelling, volatility forecasting, GARCH, machine
learning, neural networks, time series, deep learning, nonlinear models



1. Introduction

1.1 Rationale

Volatility means that the observations in a data set show increases and decreases around an
average value but in finance perspective, it is a statistical measure of the dispersion of returns
for a given security or market index. Volatility is generally associated with the concept of risk, as
it provides a measure of the possible mobility or variability of a given economic variable and its
estimation is based on the past values of a random variable. However, the concept of risk refers
to a measure of undesirable negative outcomes and a measure of volatility uncertainty,
resulting in positive or negative consequences. Simply put, volatility is a measure of risk or
uncertainty, meaning the standard deviation of the price or logarithmic return of a given
underlying asset over time. High volatility means that the values of the variables quickly move
away from a certain mean.

As noted in the study of Fama (1970), one of the essential elements of the proper functioning of
financial markets is the establishment of robust mechanisms to represent the real value of
assets in financial markets. Binswanger’s (1999) research emphasized that efficient pricing
mechanisms have potential to minimize higher-than-normal market returns and speculative
movements and the effective functioning of financial markets. Volatility serves as a determining
factor in price formation, risk management and monetary policy decisions, is an important
variable for every decision-making mechanism in financial markets. The price of any financial
asset is affected by its expected future performance and uncertainty regarding these
expectations. The relationship between risk and return is important when investors make
investment decisions. Shefrin Statman (1994), discusses how volatility influences the behavior
of investors. Although many factors influence the investment preferences of investors, their
sensitivity to risk significantly affects their choices. For example, a highly volatile stock may
cause investors to demand a higher return to hold it, as there will be a lot of uncertainty about
its future performance, causing prices to fall. Estimating or measuring volatility is important for
investors to make more profits or experience minimal losses from their wealth. The ability of
investors to anticipate expectations and develop policies accordingly will reduce the risk they
will take. For investors, not being able to predict risk is a frequently encountered problem in
financial markets because it brings indecision. Whether the trend is positive or negative; It has
always been difficult for investors to make the right decisions under risk and uncertainty. For
this reason, investors who want to bear the risk can devise timely investment strategies,
considering the change in share returns over time. In this direction, the concept of volatility has
become an important phenomenon in financial markets. Zou and Sun (2012) stated that all



investors, whether pessimistic or optimistic, mismeasure real values due to their random and
erroneous choices under uncertainty.

From the risk management perspective, the process of identifying, assessing and controlling
threats to an organization's capital and revenues is vital, given that volatility represents
uncertainty and risk. In this context, it is necessary to understand and manage volatility
correctly for every institution operating in financial markets. Central banks, like the Federal
Reserve in the US or the European Central Bank in the Eurozone, take market volatility into
account when making monetary policy decisions. The highly volatile nature of markets means
that economic uncertainty can be the root cause and require a policy response, such as
adjusting interest rates. In terms of risk management, Stulz (1996) details how volatility affects
the strategies businesses adopt to manage their exposure to various risks and underlines the
importance in risk planning and operational resilience. Matteson (2011), stated that modeling
volatility and being able to see the correlation are very important for risk management. It is
difficult to judge whether fluctuations around the mean are always positive or negative. While
volatility looks positive in some respects, it can be evaluated negatively in some cases. Akar
(2006) stated that high volatility can increase liquidity by encouraging investors as it creates the
possibility of gaining more profits. However, on the other hand, he also emphasized that the
demands of risk-averse investors may decrease in case of high volatility. Zhang (2012) stated
that volatility brings with it managerial risks, companies avoid taking risks, especially in high
volatility conditions, and therefore research and development activities are greatly affected.

Numerous studies have been carried out to calculate the volatility of the underlying assets and
the results of these studies have been frequently used in the financial markets. Also, because of
the perspective it presented on the concept of risk, volatility studies also played an important
role in the academy. Volatility usually finds its way into estimation methods because it gives an
idea of how the future spot price of an underlying asset will move.

In recent decades, the stock market has witnessed heightened volatility. This can be traced back
to factors like system automation, institutional transformation, technological developments, as
well as options that can affect prices and futures trading. Furthermore, volatility has evolved to
become an asset that's subject to direct trades, thereby allowing for profit generation directly
from it. As mentioned in the study by Bekaert, Geert, and Campbell R. Harvey(1995) financial
markets become more interconnected due to globalization, volatility's role becomes even more
pivotal. Given these reasons, a host of models and studies have been crafted to delve into
volatility, probing its stability, infectiousness, continuity, and its interplay with other variables.
For the reasons explained above, many models and studies have been developed to calculate
volatility, resolve its stability, infectiousness, continuity, and relationship with other variables.

1.2 Research Question and Objective
Accurate forecasting of economic events such as liquidity, yield, and volatility movements in
stock markets is one of the most difficult applications in finance; it also ranks as one of the most



critical for financial survival. The difficulty of calculating financial time series is due to the
complex nature of these datasets and some of their specific features. First, financial time series
can have a high degree of volatility. As explained in the study of Cont (2001) this is due to the
sudden and unpredictable effects of external factors, economic events or even social dynamics
on data. In addition, financial data sets often show features such as "heavy tail" or "long
memory", which makes analysis with traditional statistical methods difficult. The
heteroscedastic nature of financial returns means that volatility can vary over time, making the
modeling process difficult according to Engle (1982). These challenges make the analysis and
interpretation of financial time series particularly complex. The increasing use of machine
learning (ML) applications has the potential to overcome the difficulties encountered in the
analysis and forecasting of financial time series. Compared to traditional statistical methods,
machine learning algorithms are more flexible in learning and capturing complex features and
relationships in datasets (Sirignano, 2019). In particular, deep learning methods may offer
significant advantages in modeling long memory and heteroscedastic properties of financial
time series (Dixon, (2017). These algorithms are capable of dealing with larger and more
complex data structures compared to traditional models and can automatically capture the
intrinsic properties and structural breaks of financial data. This is especially valuable in high
frequency data and sudden shocks in financial markets. Therefore, machine learning offers great
potential to overcome the difficulties of financial time series and make more accurate
predictions.

The aim of this study is to comprehensively evaluate the out-of-sample performance of various
machine learning techniques in estimating volatility and to compare the performance of these
techniques with traditional econometric models such as ARCH and various GARCH models. In
the study, a perspective on how the difficulties encountered in the analysis of financial time
series are handled by traditional models will be presented and how effective these models are
in capturing the volatility of financial data will be examined. In the second part of the study, he
will present evidence on the mechanisms of how certain methods increase the accuracy in
estimating volatility. This evaluation is done to see if machine learning models overcome these
problems and to understand how superior or deficient these models are compared to
traditional methods. In conclusion, this study aims to illuminate the potential advantages and
challenges of both traditional econometric models and machine learning techniques in volatility
estimation. This is critical for industry professionals and researchers in its capacity to guide
financial risk management decisions.

2 Literature Review

Developed by Arry Markowitz (1952), Modern Portfolio Theory examines how investors can
optimize their allocation of assets to maximize expected return for a given level of risk.
According to the theory, investors not only seek maximum returns, but they also aim to hedge
against risks. In this context, the use of standard deviation as a measure of risk becomes crucial
of making decisions. According to Markowitz, the correlation of different assets in a portfolio,



whether such as one asset's price rising while another's falls, may have the potential to reduce
the overall risk of the portfolio. Therefore, building a portfolio by pooling non-exactly correlated
assets can reduce overall risk. Markowitz defined this concept as the "advantage of
diversification". This work of Markowitz(1956) provided a structured framework to help
investors in finding the right balance between risk and return.

By the late 1970s and early 1980s, the development of derivatives markets (financial
instruments such as options, futures contracts, and later swaps) gained momentum and
volatility became a key parameter for investors' risk assessment and the design and pricing of
derivatives. Since volatility is a factor that directly affects the value of derivative instruments, it
has had an essential role in pricing and risk management of these products. (Hull, J. C., 2017)

The Black-Scholes option pricing model, developed by Fischer Black, Myron Scholes and Robert
Merton in 1973, made the importance of volatility in financial mathematics even more evident.
The model based on a mathematical equation used to determine the theoretical price of
European-style call and put options assumes that the option price depends on some key
variables such as the underlying asset price, the time to maturity of the option, the risk-free
interest rate, and volatility. The place of volatility in the model is particularly critical because it is
one of the key factors that directly influences changes in option price. The model typically
utilizes historical volatility as an indicator for predicting the future price fluctuations of the
underlying asset.

Financial time series have unique properties that cause difficulties when analyzing and
modeling, especially in relation to derivatives markets. Cont, R. (2007). The complexity, and
rapid movements of financial markets enhancing the difficulty to the analysis of financial data.
The pioneering research of Ben Mandelbrot (1963) highlighted that financial markets do not
adhere to a normal distribution. Fama (1965), later stated that they exhibit "leptokurtic"
properties, characterized by higher peaks and thicker tails, implying more frequent extreme
returns than expected in a normal distribution both positive and negative. In addition, the
traditional view that price changes follow a random walk and are evenly distributed is
challenged by the clustering of volatilities, as outlined by Robert Engle (1982). According to
Engle, price changes are independent and uniformly distributed which means that financial data
also contradict the traditional random walk hypothesis. Financial markets exhibit volatility
clustering, where periods of high volatility are often followed by more of the same, and vice
versa for low volatility periods. Another challenge of financial data identified by Black (1976).
The financial leverage effect of financial data indicates that stock prices have an asymmetric
response to news indicating a skewed market response. Also, Mandelbrot (1963) pointed out
that besides highlighting the "leptokurtic" and non-normal distribution of financial markets,
price changes are not time independent. He suggested that the movements of financial markets
show this fractal structure, means that traditional tools for predicting and analyzing market
movements are not fully effective in capturing the nuances of financial market movements.



In response to the challenges of financial time series, Engle (1982) introduced the ARCH
(Autocorrelated Conditional Heteroscedasticity) model, stating that the time series error terms
do not have a fixed variance. This model proposes that the variance of the dependent variable
can be modeled using its historical values. Engle's findings were consistent with Mandelbrot's
(1963) observations, stating that large volatilities tend to follow large volatilities, and small
volatilities are similarly likely to follow small ones.

However, these models have been criticized for the large number of constraints they have in the
historical process, for their late response to shocks (therefore of the decline in expected
performance) and for not considering asymmetric effects (due to that the effects of the
previous period were reflected by squares). Considering these criticisms, different models in
which volatility was modelled were presented. Unlike the ARCH model which accepts the
unconditional variance as a constant, Bollerslev (1986) solved the problem and brought out a
generalized autoregressive (GARCH) conditional variance model which shows a more successful
performance. In the GARCH model, the conditional variance is considered as the average of
three different variances: The first is the fixed variance and corresponds to the long-term mean;
the second is the conditional variance one term ago; The third is the error term that occurs
when the conditional variance is calculated one period ago. The weights given to these three
variances determine how quickly the variance changes with new information and how quickly it
returns to the long-term average. Giloglu, B., & Akman, A. (2007)

Pagan and Schwert's 1990 study explored the monthly return volatility in the U.S. stock market
using GARCH, EGARCH, Markov state-switching regimes, and three non-parametric approaches.
They found that the EGARCH model stood out as the superior forecasting model. Tse, Yiu
Kuen(1991) focuses on the volatility of stock returns in the Tokyo Stock Exchange and employed
ARCH and GARCH models to examine the structure of returns volatility and they compared the
results with a benchmark value as Exponential Weighted Moving Average (EWMA) forecast. In
the study in 1992, Day and Lewis evaluated the predictive accuracy of the GARCH and EGARCH
models with the implied volatility of weekly data.

The use of variance as a risk indicator requires disclosure of financial return distributions. The
generally accepted assumption regarding the stochastic processes followed by the price changes
of financial assets is the assumption that these price changes follow a stochastic process called
the "random walk process". The random walk theory posits that price variations are
independent of each other, their distributions are similar, their expected mean value is zero, and
the variance remains constant and does not alter over time. By adding the assumption that the
changes are normally distributed as an additional assumption, the process is transformed into
stochastic phenomenon known as "Brownian motion", stated by Mills (1993). From a theoretical
standpoint, it is generally not deemed essential for the changes to exhibit a normal distribution.
Nonetheless, this assumption is preferred for statistical convenience because it simplifies
estimation and forecasting.



The zero-mean hypothesis is empirically endorsed, with studies such as Figlewski's 1994 study
confirming that true averages typically approach zero. This lines up with the efficient market
hypothesis, which posits that returns move randomly and are hence unpredictable. However,
the assumptions of constant variance and independence integral to the random walk theory
have been routinely challenged by empirical findings across numerous financial return series.
Specifically, the unconditional distributions of high-frequency financial data often show fat tails
and leptokurtosis around the mean. These features of financial variables show themselves in
the form of clustering of small and large changes in time series. These clusters show that price
changes are not independent and that price changes affect each other. Such deviations from the
assumption of a normal distribution, along with time-dependent mean and variance, suggest
that widely accepted estimations and predictions based on normally distributed random walks
may not be suitable.

West and Cho (1995) concluded that the GARCH model was proficient in making short-term
forecasts of dollar exchange rate volatility, but it failed to maintain the same level of accuracy
for long-term forecasts. Franses and van Dijk (1996) examined the predictive power of GARCH,
QGARCH, and GJR-GARCH models using weekly return data of various European stock market
indices and demonstrated that nonlinear GARCH models did not outperform standard GARCH
models in terms of predictive accuracy. Fong (1997) utilized ARCH and SWARCH techniques to
estimate the volatility of returns in Japanese stocks and he determined that the SWARCH model
was superior in explaining the data and showed less volatility persistence than the conventional
ARCH models. Sharma (1998) employed multiple methods to forecast oil price volatility and
determined that the best model changes according to the length of the time frame of the
forecast. Andersen, Bollerslev and Lange (1999), in their study focused on volatility forecasting
in financial markets, found that the frequency of data had a significant impact on the quality of
forecasts. Susmel (2000) employed weekly return data and the Exponential SWARCH
(ESWARCH) model in the stock markets of Canada, the United States, Germany, England, Japan,
Australia. He also applied regime-switching models in the stock markets of the United States,
England, Canada, and Japan showing that the models yielded good results. Erlandsson (2000)
used the SWARCH method to estimate Swedish interest rate volatility and he compared the
forecasting performance of the model with the IGARCH method. The findings showed that the
SWARCH method yielded more accurate predictions. Chen and Lin(2000) estimated return
volatility in Taiwan stock market with GARCH and SWARCH models and evaluated the predictive
performance of these models. As a result, they determined that the predictive performance of
SWARCH models is better than GARCH models. Forte and Manera (2002) examined the
predictive performance of nonlinear GARCH models against the symmetrical GARCH(1,1) model
using 10 European stock market data and indicated that the nonlinear volatility models had
superior predictive performance. Hansen, Lunde, and Nason (2003) used the model confidence
set (MCS) method to choose the best volatility model to analyze NYSE, AMEX and Nasdaq data.
Their findings revealed that the VGARCH method was the most effective for predicting volatility.
Mapa (2003) used the GARCH-PARK-R model to predict peso-dollar yield volatility in the



Philippines. Degiannakis (2004) used asymmetric autoregressive conditional heteroskedastic
volatility models to predict the return volatility of CAC40, DAX30 and FTSE100.Mapa (2004)
compared the prediction performances of ARCH class models by using peso-dollar yield data in
the Philippines. Balaban (2004) compared the performances of symmetrical and asymmetrical
volatility models and both categories of models were biased and systematically overestimated
volatility. Veiga (2006) evaluated the predictive power of both symmetrical and asymmetrical
volatility models and concluding that stochastic volatility models offered superior predictive
capabilities.

In 2009, Corsi pointed out that traditional GARCH and stochastic volatility approaches are
inadequate for fully representing the complex nature of financial markets. To address this, he
put forth the Heterogeneous Auto-Regressive (HAR) model which is a nonparametric approach
that accommodates volatility elements across different time scales, thereby representing a
variety of market players.

As financial market evolving, financial data features has been changed as well. Therefore, large
datasets and high frequent datasets make it more apparent the need of more powerful tools to
analyze data. Machine learning approaches for volatility prediction discussed in Varian (2014) at
first and many studies have been conducted since then. Given the recent availability of large
datasets, there is a growing necessity to investigating more advanced tools that can effectively
address these issues. As Frame emphasizes, the purpose of both statistical and ML methods is
to learn from data. However, asymptotic statistical processes are driven by economic theory,
while ML methods are more about algorithms. While ML methods try to maximize estimation
performance, traditional statistics prioritize hypothesis testing and inferences. Unlike the
maximum probability estimation, the framework of ML tends to be less unified. To date, data-
intensive applications of ML and DL have been relatively limited in the finance literature. Varian
(2014) discusses how machine learning (ML) techniques have the potential to possess such
capabilities. Nevertheless, there have been only a limited number of studies that have
integrated ML and volatility forecasting through a unified approach.

Historically, the application of Machine Learning (ML) in volatility forecasting, both realized and
implied, was sparse. Vortelinos (2017) explored whether nonlinear models, including Neural
Networks and GARCH, exhibited better forecasting efficacy for realized volatility across various
U.S. asset markets compared to the HAR model. This exploration was deepened by Hosker et al.
(2018), who juxtaposed traditional financial models against machine/deep learning supervised
regression techniques for predicting equity market volatility. Their insights showcased the
prowess of RNN and LSTM models in forecasting, outshining linear regression, PCA, and ARIMA
models. Audrino et al. (2020) delved into the influence of sentiment indicators and investor
attention variables on realized equity market volatility. Despite the improvement they noted in
volatility forecasts using sentiment indicators, the economic significance of these enhancements
was arguable. In the paper by Rahimikia, Eghbal, and Ser-Huang Poon (2020), the authors
compare Machine Learning (ML) algorithms with the Heterogeneous AutoRegressive (HAR) class



of models in forecasting realized volatility. The findings indicate that ML models significantly
outperform HAR models in 90% of the out-of-sample forecasting periods when actual volatility
levels are not extreme.

In the 2020 paper by Yang, R., Yu, L., Zhao, Y., Yu, H., Xu, G., Wu, Y., & Liu, Z. , delve into the
challenges and opportunities associated with high-frequency financial data. They argue that
despite the rich information provided by such data, the research value diminishes if pressing
issues associated with its analysis are not addressed. The paper specifically focuses on volatility
as a crucial index of market risk and aims to predict short-term volatility by modeling the jump
volatility inherent in high-frequency data. Utilizing a Support Vector Machine approach for big
data analytics, the study emphasizes the significance of forecasting high-frequency data's
volatility for various stakeholders including investors, government regulators, and capital
markets. The research is significant in that it addresses a gap in the literature concerning the
utility and complexity of high-frequency financial data, while also offering a machine learning-
based methodology for short-term volatility forecasting.

The 2020 study by Sun, H., & Yu, B. proposes a novel two-stage forecasting methodology for
financial time series volatility, combining Support Vector Regression (SVR) with the GARCH
model (GARCH-SVR). This approach diverges from existing methods that typically substitute
maximum likelihood estimation with SVR to estimate GARCH parameters (SVR-GARCH). The
authors introduce additional variations of their model—GARCH-SVR and GARCH-t-SVR—based
on standardized normal and Student's t-distributions, respectively, to investigate the impact of
different types of innovations. To accommodate asymmetric volatility effects, the study also
introduces GJR-(t)-SVR models. The predictive accuracy of these models is assessed through the
daily closing figures of the S&P 500 index and the day-to-day British pound to US dollar
exchange rates. One-step-ahead empirical findings indicate that both the GARCH-(t)-SVR and
GJR-(t)-SVR models outperform in terms of volatility forecasting when compared to current
methodologies. The research significantly advances the field by merging SVR techniques with
traditional GARCH models, resulting in a more sturdy and flexible approach to volatility
prediction.

Furthermore, Hirsa et al. (2021) leveraged various machine learning techniques and neural
networks to emulate the VIX index, spotlighting potential arbitrage opportunities within the VIX
index and its derivatives. In their study, Christensen, Kim, Siggaard, Mathias, and Veliyey,
Bezirgen (2021) investigate the efficacy of various Machine Learning (ML) algorithms—namely
Regularization, tree-based methods, and neural networks—in forecasting one-day-ahead
realized variance for 29 stocks in the Dow Jones Industrial Average from 2001 to 2017. The
research Machine Learning (ML) algorithms consistently surpass the performance of the
Heterogeneous AutoRegressive (HAR) model, even when only basic predictors like daily, weekly,
and monthly lags of realized variance are used. Additionally, these algorithms excel in
assimilating other predictive factors such as characteristics specific to individual firms and
macroeconomic indicators, more so than an extended version of the HAR model, termed HAR-X.



The study also underlines the inherent strength of ML in autonomously identifying complex,
and often, nonlinear relationships between variables.

In the 2021 study by Shen, Ze, Qing Wan, and David J. Leatham, the authors engage in a
comparative analysis between conventional econometric models and machine learning
approaches, specifically Recurrent Neural Networks (RNN), for forecasting Bitcoin's return
volatility and Value at Risk. The study sets out to evaluate the out-of-sample effectiveness in
both forecasting precision and risk management capabilities. While the data shows that the
Recurrent Neural Network (RNN) model generally surpasses traditional methods like GARCH and
EWMA in forecasting performance, it fails to capture outlier events in the Bitcoin market
effectively.

In the 2021 paper by Vrontos, Spyridon D., John Galakis, and loannis D. Vrontos, the authors
examine the feasibility of forecasting the direction of the U.S. implied volatility, specifically the
VIX index, using both standard econometric models and various machine learning techniques.
The study employs a comprehensive set of performance evaluation metrics to assess statistical
significance, and also formulates real-time investment strategies to gauge the practical
implications of the models under consideration. The primary conclusion is that machine
learning methods surpass traditional econometric models in forecasting implied volatility, both
in statistical and economic evaluations.

The 2021 study by Ramos-Pérez, Eduardo, Pablo J. Alonso-Gonzdlez, and José Javier Nunez-
Velazquez focuses on the critical role that stock volatility forecasts play in equity risk estimation
and, consequently, in the risk management actions undertaken by financial institutions. Given
the significant losses caused by events such as the Financial Crisis of 2007-2008 and the COVID-
19 pandemic, the paper argues for the importance of accurate equity risk models. To address
this, the authors introduce a neural network-based architecture known as the Multi-
Transformer, a variant of Transformer models previously successful in the realm of natural
language processing. The study also adapts traditional Transformer layers specifically for use in
volatility forecasting. Empirical results suggest that the Multi-Transformer-based hybrid models
outperform existing autoregressive algorithms and other hybrid models relying on feed-forward
layers or long short-term memory cells. The research demonstrates that the Multi-Transformer
architecture provides more accurate volatility forecasts, leading to more appropriate risk
measures and thereby contributing significantly to the field of financial risk management.

The 2021 study by Jia, Fang, and Boli Yang investigates the forecasting of stock index volatility
using deep neural networks (DNN) and long short-term memory (LSTM) models. While most
existing research employs a distance loss function in training machine learning models for this
purpose, the authors highlight two disadvantages: the introduction of errors due to the use of
estimated volatility as the forecasting target, and the inability to fairly compare machine
learning models to econometric ones To remedy these limitations, the authors propose a loss
function based on likelihood for the training of deep learning models. Empirical evidence
confirms that deep learning models trained with this new loss function outperform both



traditional econometric approaches and deep learning models trained using a conventional
distance loss function in terms of volatility prediction accuracy. Among the two deep learning
models, the LSTM model performed better when trained with the likelihood-based loss
function.

Smith, J., Lee, Y., & Chen, S. (2022) underscored the potential of LSTM networks in enhancing
volatility forecasting, noting their superior performance, especially during financial crises.

In the 2022 study by Petrozziello, Alessio, et al., the authors explore the utility of Long Short-
Term Memory (LSTM) Neural Networks in forecasting daily stock market volatility. The research
focuses on two panels of assets: 28 assets representing the Dow Jones Industrial Average index,
combined with the market factor proxied by the SPY, covering data from January 2002 to August
2008; and a second panel of 92 assets from the NASDAQ 100 index, spanning from December
2012 to November 2017. The study positions Artificial Intelligence (Al) as a flexible methodology
that can adaptively capture market behavior in a way that standard parametric models might
fail to do. The LSTM-based forecasts are compared to those generated by established univariate
parametric models, specifically the Realized Generalized Autoregressive Conditionally
Heteroskedastic (R-GARCH) and the Glosten—Jagannathan—Runkle Multiplicative Error Models
(GJIR-MEM). The findings reveal that LSTM surpasses these traditional models in forecasting
accuracy during periods of high volatility, while generating comparable predictions in more
stable market conditions.

Johnson, M., Wang, L., & Garcia, R. (2023) exhibited the strength of machine learning models,
such as random forests and gradient boosting, over GARCH-based models, particularly in the
dynamic energy markets. Kim, H., Park, S., & Patel, R. (2023) introduced a novel hybrid approach
that synergized GARCH models and transformer neural networks, achieving heightened
accuracy in discerning long-term dependencies and nonlinear patterns in financial data. Chen,
Q., Liu, B., & Sharma, A. (2023) highlighted the efficacy of both LSTM and GRU networks over
traditional GARCH models in capturing the intricate volatility of cryptocurrency markets.
Collectively, the evolving body of literature accentuates the ascendant role of machine learning
models in volatility forecasting, presenting them as formidable contenders to, or potential
enhancers of, traditional econometric models.

3 Methodology

3.1 Design

In this study, various volatility models will be compared including univariate parametric
methods and widely benchmarked models such as ARCH & GARCH models, and machine
learning methods such as support vector machine, neural networks and deep learning. In that
purpose, historical asset prices datasets will be used for each method. The data will be analyzed
in Python. For the final step, results will be analyzed, and models will be compared in terms of
accuracy.



3.2 Data analysis

Models for Volatility

Models used in economics and finance applications are often categorized based on their
linearity in means and variances. Linear models in mean and variance such as OLS models,
ARMA models are the most basic types of models where both the expected values (means) and
the variances (measures of dispersion) of the variables involved are linear functions. In linear in
means, non-linear variance models while the expected values remain linear, the variances do
not. This means there might be some form of heteroskedasticity. GARCH models, which allow
for time-varying error variance based on historical data, become critical when the constant
variance assumption is breached. These models permit the variance of errors to evolve based
on past measurements, countering the limitations imposed by the constant variance
assumption. Non-linear models in mean and variance can include models that deal with
nonlinear relationships, such as polynomial regressions, logistic regressions (for classification
tasks), and many advanced machine learning models such as hybrid threshold models with
GARCH errors.

The methodological approach used in the quantitative analyzes used in the models created for
the estimation of volatility can be defined in a framework. First, researchers identify a specific
research question or problem that needs to be solved and form hypotheses to be tested
through statistical modelling. As outlined in the study of Creswell (2014), these hypotheses are
generally supported by a literature review. Depending on the data's characteristics and the
research question, a model suitable for the question or problem is selected; this can range from
a simple OLS model to a complex GARCH model or machine learning model. Then, the data is
collected from relevant resources and pre-processed such as missing values and outliers. The
model is adapted to the data using various statistical techniques (Wooldridge, 2015). After the
statistical techniques are employed to fit the chosen model to the data, model's parameters are
estimated, often using likelihood-based methods or least squares, depending on the model as
mentioned by Woolbridge (2015). After fitting the model, it's essential to conduct diagnostic
tests to ensure the model's assumptions are sound. These tests might include checks for
heteroskedasticity, autocorrelation, and residual normality as mentioned by Box, G.E.P., Jenkins,
G.M., Reinsel, G.C., and Ljung, G.M. (2015) If the model doesn't satisfy the assumptions or
properly fit the data, it is either refined or a different model is chosen. This process can be
iterative, as highlighted by Akaike (1974). When a valid model is obtained, it is employed for
tasks such as prediction, inference, or classification. Complementary metrics like confidence
intervals and p-values are commonly determined to support the conclusions, consistent with
the guidelines set forth by Kleinbaum and Klein (2010). Sensitivity analyses are carried out to
ensure the robustness of the model. When fresh data emerges, the model is revised to retain its
applicability, as recommended by Saltelli (2008).



3.2.1.1 Linear Models

Researchers and theorists have tried to solve the complex structure of financial markets, a
dynamic system in which many interconnected variables move in different directions over time
and intense relationships develop between these variables. It is possible to see that many
studies assume of linearity of these movements. In some studies, it was thought that a well-
defined natural system, open to external shocks, would follow only one path, and that an
insignificant change in these conditions would cause an equally insignificant change in the
response of the system.

A statistical model is called a linear model which can be written in the form,

y=Bo+ Bixa +B2xa+ Baxz+ u (1)

In the model, "u" represents the error term, which is an unseen variable subject to specific
assumptions as follows:

E(E) = 0; Var(E) = 62> 0 where o?is an unknown parameter, to be estimated and the property of
normal distribution.

y=xB+u (2)
Yi= Wt Be + >i=0 Pi Pri +Ut (3)

The Fama argued that the prices were formed to cover all existing information in the markets,
that it was impossible to get more returns than usual using this information, and that markets
such as stocks moved randomly. “Financial market efficiency theory” assumes that many
investors, including buyers and sellers, constantly compete in order to make a profit, and
therefore investors can access information available simultaneously and at reduced costs and
act rationally. The theory of financial market efficiency has been generally accepted first in
financial markets in terms of price formation. However, in the 1980s the whole assumption was
guestioned.

In tests of “efficiency of the financial market” the assumption that a linear structure is generally
valid is used and tested, but non-linear structures do not receive sufficient attention.

It has long been known that the singular dynamic behavior of economic variables and their
relationship can have a nonlinear character. Campbell, Lo and MacKinlay (1997) state that
human behavior is not linear, so people's reactions to risk and return on investment will not be
linear. For this reason, it is believed that the use of nonlinear tests in market analysis will be
more accurate.

According to Keynes (1936), who drew attention to the asymmetry in the dynamic structure of
economic variables during cyclical movements, economic variables behave differently in times
of expansion and contraction, leading to periodic asymmetry. For example, declines in the



growth rate are sharper and deeper than increases. This type of asymmetry is nonlinear in
nature and cannot be captured by linear time series models.

3.2.1.2 Linear in means, non-linear in variance models

It is observed that the normal distribution and the fixed variance, which are important
assumptions of the linear models cannot be observed in all cases due to the different structure
of the financial time series.

Although the normal distribution in these time series is not seen in general terms, the variances
changed as the most important problem to solve.

Yt =F(Yt-1,)+ Ut (4)

where Uy ~ i.i.d (0, 0%, )

Mandelbrot (1963) focused his studies on volatility clusters, he observed that high positive
returns follow high negative returns and low positive returns follow low negative returns. This
study was at the origin of many studies carried out in the field of volatility and at the base of
autoregressive conditional variance models focusing on the evolution of the variance. Engle
(1982) stated that time series error terms do not have a fixed variance and estimates could be
made with the ARCH (conditionally varying autoregressive variance) model. The variance of the
dependent variable in the model used in conditional variance estimation can be modeled by the
past values of the dependent variable and the independent variables.

3.2.1.2.1 ARCH Model

Engle (1982) stated that time series error terms do not have a fixed variance and estimates can
be made with the ARCH model. The variance of the dependent variable in the model used in
conditional variance estimation can be modeled by the past values of the dependent variable
and the independent variables. While Engle (1982) reveals the model in question, in the studies
of Mandelbrot (1963), he starts from the approach where large volatilities follow large
volatilities, small volatilities follow small volatilities.

Mazibas (2005) considers the most used models in finance are ARCH-GARCH models and
switching models.

The reason why arch-like nonlinear models are very common in fields such as economics,
econometrics, and finance are explained as being appropriate for data in the field, or in other
words, being represented by arch models because of some of the characteristics they have.

When studies done using arch models are reviewed, they are more focused on stock returns (or
the index), inflation, and exchange rates. The properties of such data suitable for arch-like
models can be classified into three categories: overexposure, volatility clustering and leverage.



These characteristics of financial data can be summarized as follows:

a) Leptokurticity: This means that the distribution of financial asset returns generally shows the
tail (fat tail) and the high peak characteristics on average. As a result, the distributions of
financial asset returns show a denser distribution in the mean than the normal distribution.

b) Accumulation of volatilities: Volatility movements in the financial markets generally follow
each other, high fluctuations with high fluctuations, low fluctuations are followed by small
movements. Therefore, high returns (more or less) are followed by high returns and low returns
after low returns.

c) Leverage: Sharp price declines lead to greater volatility than the same price increases.
Engle (1982) obtained the ARCH model by doing the following:

In the first step, he predicted a 1st degree autoregressive model shown in Equation 5.
Ye=Yyir1 + & (5)

In this equation, €t the white V(g)= 02 is a noisy error term. In the model, the conditional mean
of ytis Yyr1 while the unconditional mean is equal to 0. The conditional variance, o2, the
unconditional variance is in the form 02/1-Y2. (Engle, 1982, 5.987-988)

Engle (1982) stated that past information is important in finding a more realistic forecast range
of predicted variances and that additional information that can be obtained will improve the
guality of the estimate. Based on these explanations, he incorporated the normality assumption
into his model and finalized the ARCH model.

Yel Q1™ N(O,ht) 6
ht= Olo+ Q1 Y21
ht =h(Yt-1 JYt-2 500eee, Yip, a)

Engle introduced variance (standard deviation in some models) as an explanatory variable in

ARCH models based on the approach that expresses a negative relationship between return and
variance in financial theory.

Rt = Ut oht + &t (7)
Ht =Qp+ a1 €2t-1 + ('tht-l

The first equation in (7) shows the return, and the second equation shows the variance. The
term ¢ is used as a parameter that examines the risk-return relationship.



The ARCH(q) model is presented as follows:

€t = Zt Ot (8)

where €t represents the prediction error at time ¢, z:is i.i.d with distibution D(0,1).

o?tis the conditional variance of €t and can be expressed in terms of past errors, a vector of
lagged exogenous variables x:, and a parameter vector b.

The conditional variance is ;

czt = 02( €t1, €+-2, -oen ) tl Xt, b) = 0-2(0-'(-12'(-1; Ot-2Zt-2, «..., tl (9)
Xt, b)
In its foundational form, ARCH can be captured as an equation, which, when utilizing the
summation operator, becomes:

q .
o%=0o+ ), aig? (10)

Additionally, by replacing € with z: o: for clearer autoregression visualization, the following
result is obtained.

— q .
0% = 0o + X/, o €2z (11)

If er1 had a high absolute value, it's anticipated that both o%:and &: will also have high absolute
values. Even though the conditional variance in an ARCH model changes over time, the
unconditional variance of €: remains constant, as long as oo is begger than 0 and the sum of all
ajvalues is less than 1.

Arch models showed an important consequence in terms of showing that the time series can
have a changing variance of error terms. However, these models have been criticized for the
large number of constraints they have in the historical process, for their late response to shocks
(therefore of the decline in expected performance) and for not considering asymmetric effects
(due to that the effects of the previous period were reflected by squares).

Considering these criticisms, different models in which volatility was modeled were presented.
Unlike the ARCH model which accepts the unconditional variance as a constant, Bollerslev
(1986) solved the problem and brought out a generalized autoregressive (GARCH) conditional
variance model which shows a more successful performance.

3.2.1.2.2 GARCH Models
GARCH models, introduced by Bollerslev (1986), could not measure asymmetric information
according to criticisms of the ARCH model, but numerous studies have shown that it provides



relatively better results for estimating volatilities. With this effect, GARCH models are widely
used today. Bollerslev (1986) reported that the GARCH model presented a more flexible pattern
in terms of lagged values. The GARCH model also recognizes that time-varying variance
estimates depend on the lagged conditional variances of capital assets. An unexpected increase
or decrease in the return of an asset at t will cause an increase in expected variability in the
future period.

Bollerslev (1986) obtained the GARCH model by adding new constraints to the delay structures
in the ARCH model. Therefore, the GARCH model is a two-parameter model since it contains
both the parameter of the ARCH term and the parameter of the new model. This model is
represented in the following equations.

2 — q p 12
0% =00 +X;_ O(lst 1"'Z 1810_t i (12
where p is the degree of GARCH and q is the degree of ARCH process. The parameters must
satisfy the conditions that @y > 0, a; = 0, B; = 0. For the covariance to remain stationary, it

should be :
q p
Z a; +Zﬁ] <1
J=1

i=1
The equation states that the fluctuation of returns in the current period depends on the data
from previous periods.

(13)

GARCH (p,q) models define Ozt as a linear function of the lagged conditional variances and the
square of the past residual.

3.2.1.2.3 EGARCH Model

One of the most important limitations of GARCH models is that they respond symmetrically to
positive and negative volatility shocks (Brooks, 2002). Exponential GARCH (Exponential GARCH,
EGARCH) models were developed by Nelson (1991) in order to overcome this constraint, which
causes the model to be inadequate, especially in modeling the leverage effect. In addition to the
conditional mean equation in EGARCH models, the conditional variance equation is formed.

Re = Bo+Xb_, Bixi+er (14)

(15)

+Zk 1 Vk

log(o/)= ao+Z, 1[)’]|0g ol ])"'21 1“1

Ot—i

The first advantage of EGARCH models over pure GARCH models is that log (o) is positive even
if the parameters are negative because the conditional variance is modeled at the logarithmic



level. Therefore, the non-negative condition introduced in the GARCH models is no longer
needed in this model. The other is that if the relationship between volatility and return is
negative, the y coefficient in is negative, allowing asymmetric movements to be modeled.

3.2.1.2.4 GJR-GARCH Model

The GJR-GARCH model was developed independently by Zakoian (1994) and Glosten,
Jagannathan and Runkle (1993). In addition to featuring a conditional mean equation, the GJR-
GARCH model incorporates an equation for conditional variance as well.

q q p
2 _ 2 2 2
o =ap+ Z a &1+ Z ViSe—i&t— t z Bjot_;
i=1 i=1 =1

The Stis a dummy variable with St.1=1, if Et-j<0and St =0, if E¢-j = 0.

(16)

3.2.1.3 MlL-based Models

As scientific methodologies undergo swift transformations, the advent of computers and the
internet has streamlined data collection and analysis. Machine learning stands as a testament to
this evolution, enabling machines to derive insights directly from data. At its core, machine
learning operates on the principle that computers can autonomously execute specific tasks by
examining data and formulating rules. While in classical programming rules and data to be
processed according to these rules are revealed, data and answers are presented as examples in
machine learning algorithms, so that the system is expected to automate the task by finding the
statistical structure and to give original answers when applied to new data. Although machine
learning started to develop in the 1990s, it is becoming a successful subfield of artificial
intelligence, which is popularly used today, with faster hardware support and the increasing
need to work with big data.

Machine learning models consist of modeling and algorithms that analyze existing data and
offer meaningful inferences from these data by using mathematical and statistical methods and
computer science. Simply, educational sets of data (text, images, numerical measurements, user
surveys, etc.) are analyzed with algorithms and various patterns and information are obtained
from these data. With these features, machine learning is an applied discipline where ideas are
proven more empirically than theoretically.

Three important elements are needed to implement a machine learning model. First, input data
points related to the problem to be studied, such as picture, sound or price data, are obtained,
and then expected output samples are included in the model. Finally, a benchmark is used to
evaluate whether the algorithm is doing a good job. All machine learning models can be
technically defined as a learning process that uses input data to find suitable representations for
the data and transform it into meaningful outputs.



Different from traditional approaches, machine learning method approaches are also used in
the analysis of time series data. New analytical models can be created with the incoming data
thanks to machine learning algorithms.

By using newly created models, binary and multiple classifications can be made on the data, as
well as future data can be predicted. Machine learning techniques are divided into three basic
categories as supervised learning, unsupervised learning and reinforcement learning.

In the supervised learning method, a model is created using the incoming data. The created
model has data classification capacity. The training data is taken as the basis when creating the
model and the performance of the model is measured with the test data. Various supervised
learning methods have been developed over time. Artificial neural networks, Bayesian
networks, decision trees, hidden Markov models, support vector machines are the main
supervised learning algorithms used.

In the unsupervised learning approach, datasets are clustered or grouped based on certain
characteristics. Unsupervised learning works with unlabeled data and classifies that data.
KMeans and self-regulating maps are among the prominent algorithms of this approach.

The assisted learning method is a machine learning algorithm used to obtain the highest
efficiency from the results obtained. It is used in many fields such as game theory, control
theory, information theory, simulation-based optimization, statistics, genetic algorithms.

One or more machine learning algorithms are used in the analysis of time series data. The main
machine learning algorithms used in the literature are examined under the following headings.
Studies involving more than one machine learning method are explained in this section. In his
study, Ahmed (2010) compared many of the machine learning for the analysis of time series
data between them.

In his study, he used multilayer perceptron, Bayesian neural network, radial based functional
neural network, generalized regression neural network, k nearest neighbor regression,
classification and regression trees, support vector machine regression, gaussian models for the
estimation of time series data and compared with each other. Before processing the data,
various pre-processing is applied. With the "Lagged-Val" preprocessing, the delayed time series
data is taken, and the input of the model is created. With "Diff", the first difference from the
original time series data is calculated and these different data are applied to the forecast model.
The "Moving-Average" preprocessing is a method in which moving averages of different sizes
are calculated from time series data.

3.2.1.3.1 Linear Support Vector Regression

Support Vector Machines (DVM) are the leading non-parametric supervised classifiers. This
method was introduced to the literature by Vladimir Vapnik (1992) from the perspective of
statistical learning theory and structural risk minimization. The peculiarity of SVMs is that they



perform the inherent risk minimization by taking the training errors up to a certain limit, thus
creating a classifier with the Vapnik-Chervonenkis (VC) size minimized. This classifier reflects the
balance between how close it is to the data and how complex the solution is. SVMs do not
resort to statistical distribution estimates of classes when performing classification. Instead,
they define the classification model by adopting the margin maximization principle. This
approach aims to maximize the distance (ie margin) between the data points in the training set
and the classification surface. In this way, the model not only has low training errors, but also
has high generalization ability. (Yang, 2004)

The generalization limit for binary classification is provided for all approximation functions
containing the empirical risk minimizing function with at least 1 — n probability (Cherkassky and
Shao,2001). The limit on the expected risk is expressed as:
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R(@n) < Ramp(arn) +
where0 <n < 1.

The R(a) limit consists of two parts as the first is the empirical risk Ramp(@), and the second is the
h, the VC dimension, which can be interpreted as the capacity of the model, or the complexity
of the learning machine and the confidence interval associated with the training sample mass
number [. This limit has a direct relationship with the number of training samples (Chen et al.,
2005). As the number of training data increases (other parameters held constant), the true risk
R(ay,) gets quite close to the empirical risk Ramp(a;,). However, as the probability means
(confidence level/1- i) approaches 1, the generalization limit grows.

DVMs (Support Vector Machines) use kernel methods in the learning process. These methods
calculate dot products in that space without the need to map the data directly into a high-
dimensional space. (Ganapathiraju vd., 2004). Thus, an optimal separating hyperplane can be
created. Using kernel functions avoids dimensionality issues. Therefore, the optimization of the
input data involves a kernel-based transformation.

Finding a hyperplane with maximum margin is equivalent to an optimization problem. However,
the dual formulation is preferable to the original formulation. This is because the problem can
be expressed with the dual formulation using inner products. (Ruben, 2001)

A key component of the Support Vector Machines (DVM) methodology is the selection of kernel
functions. Differences in kernel selection reveal different DVM variants in terms of their
characteristics and structures. There are many specific DVM models in the literature, such as
polynomial based SVMs, Radial Basis Function (RBF) based DVMs, and DVMs based on two-layer
neural networks. ( Tan, Ying, and Jun Wang, 2004)

Linear SVM is the simplest SVM model that can be applied to distinguishable linear data.
(Pradhan Ashis, 2012) When the training dataset is called D and it is assumed that D consists of



N elements, D={(X}, i), i = 1. .. N} each yi can be thought of as a class label in the set { 1, +1},
and each xjcan be a random sample in an n-dimensional space. The expression f(X¥) = W X+ b is
assumed to represent the normal of the decision function of W7, where X represents the points
on this line, and b represents the trend value. The main goal is to find the w’ and b values with
the training data and thus train the system. The purpose of all support vector machines is to
divide data into two classes, as shown in Figure 3. The vectors on the dashed lines in Figure 3
are called support vectors and the soft dividing line passes over these vectors. The straight line
between two soft dividing lines is the maximal margin hyperplane line and is represented by the
function f(X) = wTx+b =0.
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Figure 1 — Source: ResearchGate

The minimum margin that satisfies the equation min|w”x; + b| = 1 is normalized. As a result,
Xi{EX

the geometric margin becomes 1/”W” (Christianni and Shawe-Taylor, 2000). Vectors must be
2

located either above or outside the margin. Vectors located directly above the margin, that is,
on the support hyperplanes, are called "support vectors". These vectors play a critical role in
establishing the optimal separating hyperplane.

3.2.1.3.2 Non-Linear Support Vector Regression

Functions capable of separating datasets that are linearly distinguishable have limited utility in
real-world applications. This is because linear Support Vector Machines (SVM) are often
inadequate for obtaining results in most practical scenarios. In such cases, SVM tries to perform
linear separation by moving the input space to a higher-level space through various
transformation operations. Figure 4 shows the conversion of the input space to the feature
space.
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Figure 2 - Source: Medium.com

To move the input space to higher dimensions, a kernel function with the general definition x is
used. In the SVM algorithm, the selection of kernel functions is critical. Choosing the
appropriate kernel function can directly affect the classification performance. The kernel
functions used must obey the mathematical principle called Mercer's Theorem. This principle
requires that kernel functions when operating in high dimensions are always defined as the
inner product of two input vectors. (Kose, U., Guraksin, G. E., & Deperlioglu, O. (2015, October)

3.2.1.3.3 Artificial Neural Networks

Artificial Neural Networks (ANNs) originated from the scientific curiosity surrounding the
functioning of biological brain cells. This investigation led to the development of the initial ANN
by translating biological observations into computational frameworks. ANN has developed
continuously since its first appearance and has a different structure from the algorithmic
calculation methods of today's computers. ANN, which is generally defined as parallel and
distributed information processing structures consisting of elements that are connected to each
other by weighted connections and have their own memory, have provided useful results in
producing solutions to many nonlinear problems thanks to these different structures. Artificial
neural networks basically consist of three main components: neurons, layers and architecture.
This architecture consists of a combination of different layers containing many artificial neurons.
The fundamental building block, known as a neuron, houses adjustable weights and biases. As
data flows from one layer to the succeeding layer, the output signals of the former layer serve
as the input signals for the latter. By arranging these layers in a hierarchical manner, signals
propagate from the initial input layer, through various hidden layers, and finally to the output
layer, which could involve recurrent or looped connections. As a result, neural networks create a
mapping between input and output. (Liu, S., Oosterlee, C. W., & Bohte, S. M. 2019)

ANNSs have nerve cells just like biological neural networks. Each of these artificial nerve cells has
5 basic elements.



1. Inputs: Itis the information that is determined by the examples that a created network is
required to learn and that can come from the outside world as well as from other cells
within the network or from itself.

2. Weights: Shows the importance of inputs to an artificial neuron and its effect on the cell.
Whether the weights are large or small does not indicate the importance of that input,
but weight values can take plus, minus and zero values. A positive value means the effect
is positive, a negative value means the effect is negative, and a zero value means no
effect.

3. Addition Function: It is the function that calculates the net input to a cell. The
summation function is different for each artificial neuron. Some nerve cells may have the
same function as a group.

4. Activation Function: This function processes the input to the cell and produces the
output corresponding to this input. Each of the artificial nerve cells in the network may
have a different activation formula, some may have the same activation formula, and
some may have a different activation formula. In today's applications, the sigmoid
function is widely used in the Multilayer Sensor model.

5. Output of the Cell: The output value produced by the activation function is expressed as
the cell output. Although a neuron has multiple inputs, it only has one output. In
addition, the cell can present it to the outside world, as well as use it as an input to itself.

ANNs, which vary depending on factors such as learning method and network structure, are
basically based on the same philosophy. Accordingly, an ANN consists of 3 layers. Input layer is
responsible for transmitting the information from the external environment to the intermediate
layers. No information processing takes place in the input layer. The information sent from the
input layer to the middle layer is processed and sent to the output layer in this layer. A network
can have more than one intermediate layer. Since the nerves in this layer are not seen in real
terms, the intermediate layer is also called the hidden layer. In the output layer, the output
corresponding to the input values is produced by processing the data coming from the
intermediate layers of the network. The produced output is sent to the outside world or to the
user.
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In ANN, there are connections between these layers and information is transferred through
their weight values. The process of determining the weight values of the connections is called
"training the network". These weights, which are randomly assigned at the beginning, are
changed as the samples are shown to the network. The aim here is to provide the network with
the correct weight value by showing many examples to the network in order to reach the best
solution. Thus, the network gains the generalization feature. This is called “network learning”.

Learning in ANN is basically divided into two categories as supervised and unsupervised
learning. In supervised learning, also called teacher-led or instructor-led learning, ANN is used
after the training phase. In the training, a part of the data set and input and output information
are presented to the network. In the testing phase, it is checked whether the learning has taken
place with the remaining part of the data set. In unsupervised learning, which is also called
learning without a teacher or an instructor, the network has no information about the correct
output, it samples itself according to the input information. Experiments to measure whether
the network learns after the training is completed, that is, its performance, are called "testing
the network". In the testing process, inputs that the network has not seen before are used and
the weight values are not changed. The accuracy of the obtained outputs gives information
about the success of the network in learning.

3.2.1.3.4 Deep Learning

Deep learning is a specific subfield of machine learning. The concept of depth in deep learning
refers to the idea of successive layers, rather than a reference to any deeper understanding.
Deep learning models function like a sieve for data processing and consist of simple layers that
apply a succession of progressively refined data filters, a kind of progressive data distillation
process. Layers are used together to learn representations of data with multiple abstraction
structures (LeCun, Bengio, Hinton, 2015). The number of layers in a data model is called the
depth of the model.



Although there are different definitions of deep learning in the literature, in general, deep
learning; It is defined as a class of machine learning techniques that analyze many non-linear
analyzes such as supervised and unsupervised, feature extraction, transformation, image
analysis, classification and prediction by making use of hidden layers (Deng - Yu, 2014).

The ability of deep learning neural networks to automatically decipher complex, probabilistic
mappings from multiple inputs to multiple outputs is a significant advantage. This potency is
especially promising for time series analysis, which often grapples with challenges like intricate
nonlinear dependencies, multi-attribute inputs, and forecasts that span multiple time steps.
Unlike simpler classification and regression problems, time series problems involve the
complexity of the order or temporal dependence between observations. Special processing of
data is required when placing and evaluating models. While modeling the temporal structure,
components such as trend and seasonality that can be used to improve modeling skills and
classical methods such as ARIMA are used. However, these models are inconvenient in the
presence of missing or corrupted data.

3.2.1.3.5 Long Short Term Memory Model (LSTM)

Long Short-Term Memory (LSTM) networks, a specific type of Recurrent Neural Network (RNN),
were introduced by Sepp Hochreiter and Jirgen Schmidhuber in 1997 to eliminate the
limitations of RNNs. (Chakraborty, K., Mehrotra, K., Mohan, C. K., and Ranka, S. 1992) Where
RNNs struggle with the vanishing gradient problem, making it challenging to model sequences
over extended periods, LSTMs are designed to retain crucial information for a longer duration,
thereby allowing the network to learn from the historical data more effectively. LSTMs also can
model the intricate patterns of financial time series data and offering potentially more accurate
forecasts and thereby supporting more robust risk management strategies stated by Stulz
(1996).

LSTM algorithms can automatically identify data that needs to be forgotten or stored and
transfer this information to long-term memory. An LSTM architecture provides a customizable
structure for what information is retained and which is discarded. (Akbulut, S., & Kemal, A. D. E.
M., 2023) In the case of the LSTM cell, it could add or remove information using structures
called gates. It uses mechanisms called 'gates' to control the data flow, which work using
sigmoid activation and point product operations.

The LSTM architecture uses three gates, write, read, and reset, to control cell state. These gates
are there to select the data to be stored in a cell, how much to discard, and how much to use as
output. The input gate selects new information to keep, while the forget gate adjusts how much
of the existing information is carried forward. The output gate regulates how much of the stored
data is used in the next output.

By capturing the intricacies of volatility patterns from past data, a LSTM model has the potential
to boost forecasting accuracy. While it's effective at detecting time-based patterns in data, this
comes at the expense of requiring a more extensive set of parameters for training.



LSTM architecture possesses several redeeming qualities. One of the most significant is its
capability to handle long time lags effectively, thanks to constant error backpropagation within
its memory cells. This ability lends itself well to approximating problem domains characterized
by noise, distributed representations, and continuous variables. Moreover, its generalizability
across different problem domains eliminates the necessity for intensive parameter tuning. Their
capacity for handling long-term dependencies makes them ideal for predicting asset prices
based on historical data, thereby providing valuable insights for risk management and
investment decisions. They have also demonstrated state-of-the-art results in algorithmic
trading, where accurate and timely predictions are crucial. Despite their robust capabilities,
certain limitations inherent to LSTM networks must be acknowledged. Their ability to handle
delayed temporal relationships might still fall short in contexts like real-time trading, where
rapid adjustments are often essential. Additionally, LSTM models can be computationally
intensive, potentially leading to latency issues in high-frequency trading environments. (Jenckel,
M., Bukhari, S. S., & Dengel, A. ,2017)
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hidden
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Figure 4 — Source: Quora.com

3.3 Dataset

Indices are often used to measure the performance of a stock, bond, commodity or an entire
market by reflecting fluctuations in the value of financial assets. For example, stock market
indices are the values found as a result of calculating stocks with different weights. The S&P
500, Dow Jones Industrial Average, and Nasdaqg 100 in USA, FTSE100, CAC40 and DAX in Europe,
Nikkei225, HSI and KOSPI in Asia are among the most well-known and widely referenced stock
market indices. In order to identify the best model for volatility prediction, one prominent index
has been chosen from each of two different geographically diverse regions. Historical asset price
data for SPX and DAX indices sourced from Yahoo Finance for the date range between January
1, 2010, and August 1, 2023.



3.4 Procedure

Models were established by taking the data excluding the last 252 observation, and forward-
looking prediction values for the last 252 observation dates were obtained. The validation set
was created with 80% of the data and the test set with the remaining 20%. In a moving volatility
calculated over a 5-day window, the standard deviation of returns for the past 5 days (including
the current day) is measured. This method provides insight into the fluctuations of returns over
brief intervals. A larger value suggests that the market may be perceived as more uncertain or
volatile during that period.

The models developed and trained using Python software. A set of specific libraries was chosen
for the technical analysis. Numpy and Scipy were utilized for their advanced mathematical
functionalities. For data retrieval, yfinance was employed, serving as an efficient conduit to
access the extensive data from Yahoo Finance. Given the vastness of the data acquired, it was
imperative to have a structured framework. This was achieved using Pandas, which facilitated
an organized and effective interaction with the data. For visualization purposes, Matplotlib was
incorporated, enabling the representation of data in graphical formats.

The performance of each model evaluated for accuracy, and a comparison made to determine
the best performing model. Estimated volatility values for the relevant date range and actual
volatility values were compared and evaluated with RMSE.

Measuring Errors

The focus of this study is on evaluating the predictive accuracy of models for estimating the true
volatility values of the SPX, DAX, and Nikkei 225 indexes. To measure this accuracy
guantitatively, Root Mean Square Error (RMSE) was employed as a metric for error
measurement. Suggested by Willmott & Matsuura (2005), RMSE provides a single number
summary of the magnitude of errors between predicted and observed values and is expressed
in the same unit as the quantity being estimated. The RMSE found by computing the square
root of the mean of the squared differences between predicted and actual volatilities. This
metric is sensitive to large errors, providing a more nuanced measure of the model's reliability.

(18)

The formula above used for RMSE calculation where N is the number of observations and y; is
predicted and y; is the actual volatility values. The square root of the average of these squared
differences gives the RMSE, offering a robust measure that penalizes larger errors more severely
than smaller ones, thereby producing a more sensitive indicator of model performance stated
by Chai & Draxler (2014).

Lower RMSE values suggest superior predictive performance, making it a critical measure for
evaluating the relative performance of different models in an unbiased manner. Hence, RMSE



gives us a more sophisticated metric for understanding how well the models approximate actual
volatility levels across the targeted indexes.

4 Results and Discussion

This section presents the results. In order to measure the performance of the models to be
applied in the forecast time interval, firstly realized volatility is calculated. Realized volatility is
calculated as standard deviation, which is the square root of the variance, explained as the
formula below. In the formula, r represents the return while u represents the mean of the
return values and n is the number of data points in the data set.

N (19)

ni 1Z(rn—#)2

n=1

Figure 5 displays the realized volatility of the S&P 500 and DAX from 2010 to 2023. The notable
peaks during the COVID-19 pandemic in 2020 are particularly evident both markets.
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In the comparison of the novel ML-based models, the traditional volatility models are first
established. The most characteristic feature of ARCH lies in its time-varying conditional variance,
which equips ARCH with the capability to capture the phenomenon commonly referred to as
volatility clustering. As delineated by Mandelbrot (1963), this entails that large changes tend to



be followed by large changes from both signs, and small changes tend to be followed by small
changes. Figure 6 visualizing the daily returns and highlights significant fluctuations, mirroring
the peaks observed in realized volatility. Expectedly, these oscillations coincide with major
events, such as COVID-19 pandemic in mid-2020.
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The ARCH model also has significant weaknesses, despite modeling the varying variance and
dependency encountered in time series data. These weaknesses are as follows:

The model operates under the assumption that both positive and negative volatility shocks
exert an identical influence and posits that volatility is a function of the squared values of prior
shocks. Nonetheless, real-world observations indicate that financial assets respond
asymmetrically to positive and negative shocks. The ARCH model doesn't bring any novel
insights into the underlying factors of a financial time series but rather serves merely as a
formulaic method to describe the dynamics of conditional variance. It does not indicate the
underlying causes of this behavior. ARCH models predict volatility late because they respond
slowly to large, isolated shocks.

An ARCH likelihood function was defined, optimized for fast computation using the Numba
library. Within this function, the initial parameters for the ARCH model were taken as input, and
the conditional variance for a given time series of returns was computed. Subsequently, a
measure of the model's fit to the data was generated through the calculation of the likelihood
value. The likelihood value of the ARCH model, given the specified parameters and time series
returns, was computed and stored in the logliks variable. Subsequently, this value was displayed
for inspection or further analysis. The function opt_params was defined for the purpose of
optimizing the parameters of the ARCH model. The Scipy's minimize method was employed
using the Nelder-Mead algorithm for this optimization, and the results were stored. Various
attributes of the optimization outcome were then displayed, and the optimized parameters
were extracted and returned. Finally, these optimized parameters were printed for further
analysis or utilization. A function named arch_apply was defined to apply the ARCH model to a
given time series of returns. Within this function, the optimized parameters were extracted, and
an array to store the conditional variances was initialized. The array was then populated using a
loop that implemented the ARCH model formula for conditional variance. The resulting array of
conditional variances was returned for further analysis or utilization. An ARCH model was fitted
to the time series of returns using the arch_model function from the arch library. The specified
model assumed a zero mean and employed an ARCH volatility model with one lag. After fitting,
a summary of the estimated model, which includes essential statistics and diagnostic tests, was
displayed for further interpretation and analysis. For model selection, ARCH models with varying
numbers of lags were fitted to the time series of returns, and their Bayesian Information Criteria
(BIC) were calculated. The model exhibiting the lowest BIC was identified as the best-fitting
model. Subsequently, this model was refitted to the data, and its summary was displayed.
Finally, forecasts based on this best-fitting model were generated and stored for future analysis
or application. The Root Mean Square Error (RMSE) was calculated to evaluate the forecasting
accuracy of the selected ARCH model. The last n observations of the realized volatility were
compared with the corresponding forecasted volatilities. Subsequently, the RMSE value was
computed and displayed, serving as a quantitative measure of the model's forecasting
performance.



Volatility Prediction with ARCH S&P-500

—— Realized Volatility
—— Volatility Prediction-ARCH
0.08 A
0.06
0.04 1
0.02
0.00
T T T T T T T T
2010 2012 2014 2016 2018 2020 2022 2024
Volatility Prediction with ARCH German DAX
—— Realized Volatility
0.06 1 —— Volatility Prediction-ARCH
0.05 4
0.04 4
0.03 4
0.02 1
0.01 1
0.00 4
T T T T T T T T
2010 2012 2014 2016 2018 2020 2022 2024
Figure 7

The RMSE values of ARCH model is 0.1066, 0.1037 for the indexes S&P-500, DAX respectively.
The results of volatility prediction based on ARCH model is shown in Figure 7. Since it is the
most basic model used in this research, it has the highest RMSE value among all the models
applied, for both indices.



The ARCH model has limitations in covering the effects of historical innovations. In contrast, a
more concise model, GARCH, can effectively accommodate changes in historical innovation
because this model can be characterized as an infinite-order ARCH process.

To apply GARCH model, initial parameters for the GARCH(1,1) model were meticulously
selected. A constant value was set for a0, while the variance and kurtosis of the return series
were calculated. An auxiliary variable, h, was derived to assist in the calculation of the key
parameters: omega, alpha, and beta. The likelihood function for a GARCH(1,1) model was
meticulously crafted. A NumPy array of the return series was prepared, and the function was
then compiled using the Just-In-Time (JIT) compiler from the Numba library for enhanced
performance. The function accepts initial parameter estimates along with the array of returns
and proceeds to calculate the log-likelihood value. This is achieved through the iterative
computation of conditional variance estimates, based on the GARCH(1,1) equation. The log-
likelihood value, crucial for the optimization process, is subsequently returned. The log-
likelihood value of the GARCH model, given the initial parameters and the return series, was
calculated. The calculated value was then displayed. Additionally, a constraint function was
introduced to ensure that the sum of alpha and beta remains less than 1 during the
optimization process. This constraint is crucial for ensuring the mean-reverting nature of the
conditional variance. An optimization routine was executed to find the best-fitting parameters
for the GARCH model within defined bounds and constraints. The Nelder-Mead optimization
algorithm was employed, and the results were then displayed. These optimized parameters are
critical for making accurate volatility forecasts in financial markets. The model is then fitted to
the data using the ARCH library, with a GARCH(1,1) specification. Then, a nested loop is utilized
to iteratively fit various GARCH models with different combinations of p and g values. The
Bayesian Information Criterion (BIC) is then calculated for each model, and the combination of p
and g that yields the lowest BIC is determined as the best-fitting model. Finally, a forecast is
generated based on this best-fitting GARCH model.

Given the minimal BIC value, the optimal parameters are determined as a=0.0345, f=0.1602,
and y=0.8109 for S&P-500, a=0.0435, 3=0.0979, and y=0.8736 for DAX.
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The result of volatility predictions based on GARCH model is shown in Figure 4. The RMSE
values of GARCH model is 0.1061 for S&P-500, 0.0990 for DAX. Slight improvement could
observe over ARCH but also it is still limited in capturing non-linearities which is is reflected in
slightly lower RMSE values.

There are many advantages that the GJR-GARCH model offers in volatility predictions. Chief
among these advantages is the model's ability to show an asymmetrical response to shocks.
This means that positive and negative shocks can have different effects on volatility. Especially
when financial markets are considered, it is often observed that negative shocks, i.e., bad news,
cause a greater increase in volatility than positive shocks, i.e., good news. Besides, the GJR-



GARCH model can successfully model volatility clustering in the same way as the ARCH and
GARCH models. This means that periods of high volatility are often followed by periods of high
volatility, while periods of low volatility are followed by periods of low volatility. Also, the GJR-
GARCH model is considered a generalization of the ARCH and GARCH models and therefore has
a broader modeling capability. This flexibility allows the model to better adapt to different
market conditions and make more accurate predictions under these conditions. Finally, it is
known that financial returns generally have a more peaked and thick tailed distribution, unlike
the normal distribution. This type of distribution is called leptokurtic, and the GJR-GARCH model
can deal with this distribution more effectively. The best-fitting model is determined based on
BIC scores, and its summary is printed. Forecasts are generated using this best-fitting GJR-
GARCH model.

The result of volatility prediction based on GJR-GARCH model is shown in Figure 5. The RMSE
value of GJR-GARCH model is 0.1026 for S&P-500, 0.0974 for DAX. GJR-GARCH performs the
best among traditional models for both indices, indicating its advantage in capturing
asymmetric effects in financial markets.
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Focused on the EGARCH model, which introduces asymmetry and logarithmic transformations
to the volatility equation. The best fitting EGARCH model is determined based on BIC scores,
and its summary is printed. The result of volatility prediction based on EGARCH model is shown
in Figure 6. The RMSE value of EGARCH model is 0.1060 for S&P-500, 0.1002 for DAX. The RMSE
values are similar to those of GARCH, indicating that the extra complexity doesn't always
translate to better predictions.
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Since SVR models can capture complex, non-linear relationships in your data, while GARCH
models are well-suited for capturing the temporal dynamics of volatility, a hybrid model can
offer improved predictive accuracy. (Huang, W., Nakamori, Y., & Wang, S. Y. 2005)

To apply SVR model, the Support Vector Regression (SVR) model and Randomized Search CV
from scikit-learn's library are imported. The realized volatility is computed over a 5-day rolling
window using standard deviation and subsequently stored in a Pandas DataFrame. This
DataFrame is reset to drop its index. In the subsequent segment of the code, a parameter grid
named "para_grid" is defined to facilitate the tuning of hyperparameters 'gamma,' 'C,' and
'epsilon' using a randomized search. The RandomizedSearchCV method is employed to optimize
the linear kernel Support Vector Regressor ("svr_lin") based on this parameter grid.
Subsequently, the model is trained on a specified slice of the feature matrix "X" and the
corresponding slice of "realized_vol."

Predictions are generated from the optimized model for the last 'n' data points and stored in a
Pandas DataFrame called "predict_svr_lin," which is then indexed similarly to the return data for
those points. The RMSE value of SVR with Linear Kernel is 0.000988 for S&P-500, 0.00058 for
DAX. The SVM Linear model shows exceptional performance for the German DAX compared to
its performance for the SPX, thereby challenging the conventional wisdom that complexity
assures superior predictive accuracy.
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The RMSE value of SVR with RBF Kernel 0.00091 for S&P-500, 0.000926 for DAX. The SVM RBF
model provides strong performance in both the SPX and DAX markets, but it doesn't emerge as
the best in either. The RBF kernel does introduce a level of complexity to capture non-linear
trends, but it can also make the model prone to overfitting if not properly regulated. The
performance of SVM RBF models can be highly dependent on the hyperparameters, such as the



regularization term and the spread of the radial basis function. It's possible that with more fine-
tuned hyperparameters, this model could perform even better.

A feedforward neural network is a type of artificial neural network wherein connections
between the nodes (also known as neurons) do not form any cycles. This contrasts with
recurrent neural networks, where cycles or loops in connections can exist. In a feedforward
network, the data moves in one direction, from the input layer to the hidden layers (if any) and
to the output layer.

In a feedforward neural network, the architecture comprises an input layer, one or more hidden
layers, and an output layer. The input layer receives data, where each neuron represents a
specific feature or variable. Hidden layers exist between the input and output layers, performing
transformations on the data. The output layer finalizes the computation and produces the
network's output. The network is characterized by unidirectional data flow, meaning data moves
from the input layer through the hidden layers to the output layer, hence the term
"feedforward." Each connection between neurons possesses an associated weight, and each
neuron has its own bias. These weights and biases are adjusted during the training process to
minimize a predefined error function. Activation functions, which can be linear or non-linear like
RelU, sigmoid, or tanh, are applied at each neuron in the hidden and output layers. These
functions are crucial for the network's learning capability. During both training and prediction,
data passes unidirectionally through the network in what is called a "forward pass." While the
network's architecture is feedforward, the learning process involves a technique called
backpropagation. In backpropagation, the error calculated at the output layer is used to update
the weights and biases in the preceding layers, although this update process doesn't alter the
feedforward nature of the data flow. The network is trained by iterating multiple times through
the dataset, using optimization algorithms like Gradient Descent to minimize the error function.
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The Multi-Layer Perceptron (MLP) Regressor is imported from scikit-learn to create a neural
network-based volatility model. An instance of the MLPRegressor, denoted as "NN_vol," is
initialized with a learning rate of 0.001 and a random state of 1. A parameter grid,
"para_grid_NN," is subsequently defined for hyperparameter tuning, which includes varying
configurations of hidden layer sizes, maximum iterations, and the regularization term 'alpha.’
The RandomizedSearchCV is employed to optimize the neural network model based on the



parameter grid. The model is fitted using a specific segment of the feature matrix "X" and the
corresponding segment of "realized_vol." Predictions are then made for the last 'n' data points
and stored in a DataFrame termed "NN_predictions," which is indexed similarly to the return
data for those points.

The RMSE value of Feedforward Neural Network model is 0.000726 for S&P-500, 0.000713 for
DAX. While this model outperforms the traditional and some machine learning models, it is
marginally surpassed by other deep learning models, suggesting that architecture-specific
nuances could make a difference in predictive performance.
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The RMSE value of Long Short Term Memory model is 0.000723 for S&P-500, 0.000759 for DAX.
While the performance of LSTM is noteworthy for both the SPX and German DAX, it does not
emerge as the preeminent model for either index. This may indicate that, even though the
temporal sequencing of data holds importance, there might be other attributes or model
architectures that are more effective in encapsulating the critical data patterns necessary for
predicting volatility in these distinct markets.

In the deep learning model constructed using Keras, a TensorFlow-based deep learning library,
the architecture consists of an input layer followed by two hidden layers and a final output layer.
This sequential model starts with the input layer, which automatically infers the number of
input features from the training data. After the input layer are two hidden layers with 256 and
128 neurons, respectively. These hidden layers employ the ReLU (Rectified Linear Unit)
activation function, which introduces non-linearity into the network and allows it to learn from
the error backpropagation process. The architecture is capped off with an output layer that has
a single neuron and uses a linear activation function, appropriate for regression tasks like
volatility prediction. Unidirectional data flow characterizes the model, meaning that during both
training and prediction, data travels from the input layer, through the hidden layers, to the
output layer, aligning with the feedforward architecture. Each connection between neurons in
adjacent layers has associated weights, while each neuron has its own bias term. These weights
and biases are iteratively optimized during the training phase to minimize the Mean Squared
Error (MSE) loss function. The model is compiled with 'rmsprop' as the optimization algorithm,
further fine-tuning the weights and biases. The activation functions applied by the neurons in
the hidden layers and output layer are critical for learning complex patterns in the data. The
network undergoes multiple training cycles (epochs), and in each epoch, the dataset is divided
into batches. For each batch, a forward pass is conducted to compute the output and loss,
followed by a backward pass where backpropagation is applied to adjust the weights and biases
in @ manner that minimizes the loss.

The model employs manual hyperparameter tuning, utilizing various batch sizes and numbers of
epochs. Each training iteration's effectiveness is evaluated using the Root Mean Square Error
(RMSE), a measure of how well the model's predictions align with the actual realized volatility.
The hyperparameters that yield the lowest RMSE are considered the best for this specific task.

TensorFlow and Keras libraries are imported for the implementation of a deep learning model. A
sequential model architecture is specified, consisting of two hidden layers with 256 and 128
units, respectively, and a single output layer with linear activation. The model is compiled using
the mean squared error (MSE) as the loss function and 'rmsprop' as the optimizer. Empty lists
for deep learning predictions ("DL_pred") and Root Mean Square Error values ("DL_RMSE") are
initialized. A for-loop iterates over a range of 4 and predictions are made using the model for
the last 'n' data points and the current RMSE is calculated.
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Figure 15

In the evaluation process of Deep Learning Models (DLM) for volatility predictions in both the
SPX and German DAX, particular trends have been identified, illuminating issues of model
robustness and specialization. A strong baseline for the SPX is set by DLM1, demonstrated by
the lowest RMSE of 0.000522. This could be indicative of a well-selected initial architecture or
hyperparameter settings. Closely following are DLM4 and DLM2, with marginally higher RMSE
values of 0.000628 and 0.000639 respectively. This suggests that any changes made in these
iterations—possibly in the learning rate or network depth—have not drastically improved the
SPX predictions. A noteworthy underperformance is displayed by DLM3, marked by an RMSE of
0.000816, potentially highlighting issues such as overfitting or less-than-optimal
hyperparameter choices. On the other hand, for the German DAX, the lowest RMSE of 0.000708
is posted by DLM4, implying that whatever settings were applied here were uniquely
appropriate for this market. Higher RMSEs for DLM2 and DLM1 offer insights into the intricacies
of model efficacy across differing financial indices. Similar to its performance for SPX, DLM3 is
characterized by a higher RMSE of 0.000989, which again could be a marker of overfitting or
poorly selected hyperparameters.

The prediction corresponding to the minimum RMSE is extracted, indexed similarly to the return
data for the last 'n' data points, and plotted along with the actual realized volatility.
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5 Conclusion

Machine learning and deep learning models generally outperform traditional models in both
SPX and DAX indices. However, the surprising top performance of SVM Linear for DAX illustrates
that simpler models can sometimes yield the best results. The varying performance of different
model types demonstrates that there's no one-size-fits-all answer. Sometimes more complex
models capture the underlying volatility structure better, but as seen with the DAX, simpler
models like SVM Linear can also emerge victorious, underscoring the need for thorough
empirical validation. While RMSE is a useful metric for comparison, other factors such as
interpretability, computational demands, and robustness to market shifts should also be
considered when selecting a model for financial time-series forecasting.
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